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The independent  sizing of the redox system's power 
and storage capacity makes it particularly attractive for 
long term electricity storage in remote areas where solar 
arrays or wind generators have been installed. An at- 
tractive feature of the vanadium redox battery is that 
since there is no solution contaminat ion due to cross- 
mixing, after the original capital investment,  there 
would be negligible running and maintenance costs. 
Since the cell can be completely discharged without any 
deterioration i performance, it would be ideally suited 
for large scale energy storage in load leveling applica- 
tions. 
A larger scale five-cell battery unit  is currently under  
construction so that the system performance can be fur- 
ther tested before scaling up to a 1 kW unit. 
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A Mathematical Model of a Lead-Acid Cell 
Discharge, Rest, and Charge 
Hiram Gu* and T. V. Nguyen, **'1 
Electrochemistry Department, General Motors Research Laboratories, Warren, Michigan 48090-9055 
R. E. White* 
Department ofChemical Engineering, Texas A&M University, College Station, Texas 77843-3122 
ABSTRACT 
A mathematical model of a lead-acid cell is presented which includes the modeling of porous electrodes and various 
physical phenomena in detail. The model is used to study the dynamic behavior of the acid concentration, the porosity o f  
the electrodes, and the state of charge of the cell during discharge, rest, and charge. The dependence of the performance of
the cell on electrode thicknesses and operating temperature is also investigated. 
The lead-acid system is used in the largest number  of 
secondary batteries manufactured in the world. The 
most important market remains the car battery for start- 
ing, l ighting, and ignition, with approximately 50 • 106 
units sold per year in the U.S.A. (1). Other applications 
are in emergency power supplies, load-leveling, and 
more recently for instruments, radio, and other electrical 
apparatus. The design and improvement of these 
batteries are mostly done by trial-and-error. 
This tradit ional approach, which consists of experi- 
mental cell build-ups and extensive testing, is costly and 
t ime consuming. Furthermore, results from such tests 
provide only global information and do not provide in- 
sight into the governing phenomena. It is advantageous 
to develop amathematical model of the cell which would 
allow one to gain a better understanding of the cause and 
effect relationships and the phenomena involved, and 
suggest directions for improvements. 
Complementing experimental testing with mathemat- 
ical modeling is a cost effective approach to the develop- 
ment  and design of batteries. Testing is still needed to 
verify predictions of the model and to uncover physical 
phenomena that may not have been included in the 
model. But with the help of this mathematical  tool, ex- 
*Electrochemical Society Active Member. 
**:Electrochemical Society Student Member. 
~Present address: Department of Chemical Engineering, Texas 
A&M University, College Station, Texas 77843-3122. 
tensive xperimental  testing is no longer needed. Great 
savings in material, abor, and time can be realized in the 
development of a new battery. 
The first use of mathematical models to describe the 
behavior of the lead-acid system was applied to the po- 
rous positive electrode (PbO2) by Stein (2, 3) and Euler 
(4), with further improvements made by Simonsson (5-7), 
Micka and Rousar (8), Gidaspow and Baker (9), and oth- 
ers. A good review of the development in the theory of 
flooded porous electrodes prior to 1975 has been pro- 
vided by Newman and Tiedemann (10). Recently, Tiede- 
mann and Newman (11) and Sunu (12) applied Newman's 
theory to the development of a.complete cell model de- 
scribing the discharge behavior of the lead-acid battery 
system. However, a model for predicting the cell behav- 
ior during charge and rest, as well as the effects of cy- 
cling, is not available. To assist designers and engineers 
in the further development of the lead-acid batteries 
with improved performance and cycle life, a detailed 
mathematical model of a lead-acid cell is presented that 
can be used to predict he dynamic behavior of the cell 
not only during discharge, but also during charge, rest, 
and cycling. 
Model Development 
A schematic for the lead-acid cell is shown in Fig. 1. 
The cell consists of the following boundaries and re- 
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Region 1, positive electrode.-- 
poros i ty  var iat ion- -  
Oe 1 [ MWebso4 
Ot 2F PPbSO4 
Ohm's  law in so lut ion- -  
MWebo2 I Oi~ 
PPb02 ] 0X 
0 [6] 
is Od)~ RT 0 in (cf) 
- - +  - -  (1 -  2 t~ - -  -0  [7 ]  
eexlK 0x F 0x 
Ohm's  law in so l id - -  
i2 exml a~l _ I = 0 [8] -- {[ O'Pb02 0X 
mater ia l  ba lance- -  
OC Fig. 1. One-dimensional macro-homogeneous model of a lead-acid cell 6 - -  
gions: a lead gr id cur rent  co l lector  at x = 0, wh ich  is at 
the center  of  the pos i t ive  e lectrode,  the pos i t ive  (PbO2) 
e lec t rode  (region 1), the pos i t ive  e lect rode/ reservo i r  in-
terface,  the reservo i r  (region 2), the reservo i r / separator  
interface, the separator (region 3), the separator/negat ive 
e lec t rode  interface,  the negat ive  (Pb) e lect rode (region 
4), and the center  of the negat ive  e lect rode where  an- 
other  grid is located. Details of the geometry  are ignored 
and the whole cell is regarded as a homogeneous  macro- 
scopic  ent i ty with d istr ibuted quant i t ies  in the d irect ion 
perpendicu lar  to the grid. An extens ive d iscuss ion of  av- 
erage quant i t ies  used in the devel .opment  of the mode l  
has been given by Dunn ing  (13) and Tra inham (14). Addi-  
t ional ly,  i so thermal  cond i t ions  are assumed here. The 
electro lyte is concentrated H2SO4 which is cons idered to 
be a b inary  e lect ro lyte  that  d i ssoc ia tes  into H + and 
HSO4- in H~O. 
The e lectrode react ions dur ing discharge are  
PbO2(s) + HSO4 + 3H + + 2e- 
and 
Pbls) + HSO(  
discharge 
) PbSO4(~) + 2H20 
(posit ive electrode) 
d ischarge 
) PbSO4(~) + 2e- + H + 
(negative electrode) 
There  are five exp l ic i t  unknowns  in the model :  acid 
concent ra t ion  (c), e lect rode poros i ty  (6), superf ic ia l  cur- 
rent  dens i ty  in the e lect ro ly te  (i2), potent ia l  in the sol id 
phase (qbl), and potent ia l  in the e lectro lyte ((b2). The gov- 
ern ing equat ions and boundary  condit ions are presented 
next.  
Center of the positive electrode, x = O.-- 
Oc 
- 0 [1 ]  
ox 
o6 
- 0 [2 ]  
Ox 
i2 = 0 [3] 
(bl = 0 [4] 
O62 
= 0 [5] 
OX 
Equat ions  [1], [2], and [5] are in accordance  with the as- 
sumpt ion  of  symmetry .  Equat ion  [3] states that, at the 
center  of the pos i t ive  e lectrode,  all the cur rent  is in the 
current  col lector  and none is in the electrolyte. In Eq. [4], 
as a conven ient  choice,  the  sol id phase potent ia l ,  d)l, is 
des ignated to be 0 V at this boundary.  Without this refer- 
ence potential ,  a part icular solut ion cannot be obtained. 
1F( wPbso4  WPbo2) 
PPbS04 0t 2F PPb02 
(3 2t~ + 2V ] i2 ac O ( Oc ) - -  - -  o - -  E exl D 
Ox Ox Ox 
- . ~ 9 ( 1 - c Y o ) + ~  ox 
electrode k inet ics - - for  d ischarge and rest 
~ -- 6ol 
0i2 ama• ~ C~-e~ erna• Co1 0X 
[ RT  (~)1 - ~D2 -- 
 P-l} o exp [ ~ -  (q), - r - = 
and for charge 
0i2 * (C  tY I (  ~--~o1 )~1 e . . . .  - -E  
--OX -- amaxll~ \ C-~ef ] 6maxl -- 6ol ~maxl -- ~ol 
where 
[9] 
[10a] 
exp [ c~IF Uebo~)] - 
t RT (~1- ~b2- 
[ -CtelF "' Upb02)] } 0 exp [ ~  (r - r - = [lOb] 
Upb02 ~ Upbo20- Upb 8 [11] 
Equat ion  [6] descr ibes  the change in poros i ty  wi th  t ime 
due to the convers ion  of the act ive mater ia l  in the elec- 
t rode reaction. Equat ion [7] is a modif ied Ohm's  law for 
the  e lect ro ly te  wh ich  states that  the cur rent  in the elec- 
t ro lyte  is d r iven  by the electr ic  potent ia l  and chemica l  
potent ia l  gradients. Equat ion  [8] is Ohm's  law appl ied to 
the sol id matr ix .  Equat ion  [9] states that  the e lect ro ly te  
concent ra t ion  at any po int  in space changes  wi th  t ime 
because  of the e lect rode react ion,  d i f fus ion,  and migra-  
t ion. Equat ions  [10a] and [10b] are k inet ic  express ions  
for the e lectrode reaction. Equat ion  [10b] inc ludes a fac- 
tor to account  for the deplet ion of lead sulfate as lead di- 
ox ide is being formed. For  convenience,  the dependence  
of the overpotent ia l  on the acid concent ra t ion  is neg- 
lected,  and a concent ra t ion  independent  lead e lect rode 
is used as a re ference  lect rode in Eq. [10a], [10b], and 
[11]. 
Interface between region 1 and 2.-- 
~C reg ion  OC reg ion  e . . . .  [12]  X ~ aX 2 
0e 1 ( MWebso4 MWpboz)OiZ=o[13]  
Ot 2F PPbS04 '. PPbO2 0X 
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i2 = I [14] e = %p [25] 
~r i2 = I [26] o~ = 0 [15] 
Ox ~ $~ = 0 [27] 
~ext 0520x ~g~o~ I - 0520x ~egio, 2 [16] 
Equations [12] and [16] satisfy the requirement that the 
flux of a species i, Ni, and the superficial current density, 
i2, are cont inuous across the interface. In other words, 
Ni , reg ion  1 = Ni,region 2 and i2,regio n 1 = i2,region 2; with i = +, - ,  or 
o. But since [Ref. (15)] 
V |= ~--~ CiviY i [17] 
i 
and 
N i = civ i [18] 
with Vi assumed constant, he requirement that the flux 
of species i is cont inuous implies that the volume aver- 
age velocity is also continuous, i.e., v~" = vs'. 
Equation [13] describes the porosity variation with 
t ime and Eq. [14] states that all the current at the inter- 
face is in the electrolyte phase. Finally, Eq. [15] states 
that the electrode solid phase potential gradient is equal 
to zero at the interface because the electrode solid phase 
ends there. 
Reg ion  2, reservo i r . -  
poros i ty -  
Ohm's law in solution-- 
i~ 0r RT  +- -  
K 0x F 
solid phase potential--  
= 1 [19] 
In (c3O 
- -  (1 - 2t~ - 0 [20] 
0x 
~, = 0 [21] 
material balance--  
0C 1 [( MWpbso 4 MWpbo2 ) 
Ot 2F PPbSO4 PPbO2 
2t~ 0c _ D 9-cc =0 (3 
o J OX OX 2 
current in solution-- 
[22] 
i~ = I [23] 
Equat ion [19] states that the reservoir is filled with 
electrolyte. Equat ion [20] is Ohm's law applied to the 
electrolyte written with respect o Pb reference lec- 
trode. The electrode solid phase potential is zero (Eq. 
[21]) because there is no electrode solid phase in the res- 
ervoir. Equation [22] is the material balance for the elec- 
trolyte in the reservoir. Finally, Eq. [23] states that all the 
applied current is flowing through the solution phase 
since there is no electrode solid phase in the reservoir. 
I n te r face  between reg ion 2 and  reg ion 3. - -  
0c 
region .C~u.~. region 
D -- CV2 g = D~sep exa - -  CV3 I 
OX z 3 
where 
[24] 
V2 m 
1 1( MWpbso4 MWpbo2 
2F  PPDSO4 PPbO2 
- (3 - 2t~ + 2VolI 
1 [( MWpbso4 
v3" = 2F PPbSO4 
MWpb ) +(1 -  PPb 2t~ I 
[0 (~2 RT 0 In (cf) ] Ox F (1 - 2t~ 0x r~g~on 
=[e~opex30~)2 RT 01n(cf) ] [28] 
0--x-- - e~Ptx~ F (1 - 2t~ 0~ ~gio~ 3 
Equation [24] satisfies the condition that the fluxes of the 
species are continuous. As shown by the expressions for 
v2" and v3" below Eq. [24], v2" is not equal to v3". v2" is 
equal to Vl" as stated earlier and v3" is equal to v4" which 
is the volume average velocity due to migration and 
changes in the structure of the lead electrode (i.e., region 
4). The implicit requirement that v2" = v3" is not met here. 
This inconsistency would be removed in a two-dimen- 
sional model which included the fact that the level of the 
acid changes during charge and discharge. Previous 
workers (11, 16, 17) have avoided this problem by assum- 
ing that the reservoir is well mixed and, consequently,  
separates the convective flows out of (or into) the porous 
electrodes. Since the magnitudes of the volume average 
velocities are typically small, this inconsistency is ig- 
nored in the model presented here. 
Equat ion [25] sets the porosity at this interface to be 
that of the separator porosity, which is a constant value. 
Equat ion [26] indicates that the superficial current den- 
sity in the solution is equal to the applied current density 
since no charge transfer eaction occurs in either the res- 
ervoir or the separator. Equation [27] sets the electrode 
solid phase potential to zero since there is no electrode 
here. Equat ion [28] satisfies the condit ion that the cur- 
rent is cont inuous across the interface. Unl ike Eq. [16] 
where the terms with the concentration gradients cancel 
according to Eq. [12], the concentration gradient terms in 
Eq. [28] do not cancel because they are not equal accord- 
ing to Eq. [24]. 
Reg ion  3, separator . - -  
poros i ty - -  
e = esep [29] 
Ohm's lawin  solution-- 
i2 a$2 RT  
- - +  - -  - -  (1 - -  2t~ - -  
~sep ex3 K 0X F 
0 in (cf) 
- 0 [30] 
Ox 
solid phase potential--  
material balance-- 
~, = 0 [31] 
1 [( wpbso4 Mwpb) oc +- -  
esep O~ 2F PPbSO4 {OPt) 
-2 t~ 1 I ac ~a D 02c + (1 0x -~ '  ~ = 0  
current in solution-- 
[32] 
i~ = I [33] 
Equat ion [32] is the material balance for the electrolyte 
in the separator. The second term in the equation is v3" 
(Oc/Ox), where v3" is equal to that at the interface of re- 
gions 3 and 4. The porosity of the separator is fixed (Eq. 
[29]), and the current density in the solution is equal to 
the applied current density (Eq. [33]). The electrode solid 
phase potential again is set to zero because there is no 
e lectrodehere (Eq. [31]). Finally, Eq. [30] is Ohm's law 
applied to the solution phase in the separator. 
In ter face  between reg ion 3 and  reg ion 4. - -  
~!isepeX 3 OC ~ ~ex4 C~ 
OX region 3 OZ region 4 
[34] 
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O e + 1 ( MWpb) 0i2 0 [35 ] _  = 
Ot 2F PPbSO4 PPb c]X 
i2 = I [36] 
00010x ~g~on 4 = 0 [37] 
esepeX3 0(~2 eex4 0~)2 region 
OX reg[o, 3 : OX 4 [38] 
The equat ions  for this inter face were estab l i shed wi th  
the  same reason ing  that  was used for the  in ter face  be- 
tween region 1 and region 2. 
Region 4, negative e lectrode. -  
porosity var iat ion- -  
0:  + 1 ( . MWpb ) 0i2 0 [39 
Ot 2F pvbso4 pw 0x 
Ohm's  law in so lut ion- -  
i2 or RT  0 In (cJ) 
- - + - -  (1 -2 t~ [40] 
eex4K 0X F 0X  
Ohm's  law in so l id - -  
04, 
ig - I~exmgo 'pb-  - -  I = 0 [41]  
Ox 
mater ia l  ba lance- -  
1 [( wPbso4 M pb) oc + 
Ot 2F -  PPuso4 PPb 
+(1-2t~ OxO (e ex4D oxOC )
t - 2t~ ) Oig = 0 
- (1 - C~re)-oX [421 ~f  
e lectrode k inet ics - -  
for d ischarge and rest 
0~-  - -  amax4?'~ \ ere f ] emax4 - -  ~io4 / 
{ exp [ r RT (~b,- r exp kl[ -aOgFRT (~)l -- (~2)]} = 0 
[43a] 
and for charge 
(ct,  ( ;( 0X amaxg?'~ . . . . . . . .  
\ ref / ~max4 -- ~o4 ~max4 --  ~o4 
[43b] 
Equations [39] through [43] are counterparts  of the equa- 
t ions establ ished for the posit ive electrode. The concep- 
tual  re fe rence  lec t rode used to measure  the potent ia l  
d i f ference is a lead electrode, the same kind as the nega- 
t ive electrode.  
Center of the negat ive electrode, x =/ . - -Equat ions  [1], 
[2], [3], [51, and [43a1 or [43b] apply.  S ince the e lect rode 
sol id phase potent ia l  was set to zero at the other bound-  
ary (x = 0), a kinet ic express ion is used to calculate 4, at 
this boundary.  
Numerical Procedure 
The govern ing  equat ions  were put  into f inite differ- 
ence forms and solved using the numer ica l  techn ique of 
Newman (18, 19). The cell  was d iv ided into NJ  node 
points with J = 1 designated to be the center  of the posi- 
t ive e lectrode and J = NJ  to be the center of the negat ive 
e lectrode.  Each reg ion was even ly  d iv ided,  but  node 
point  spacings were di f ferent between regions. 
The finite di f ference approx imat ions  of the der ivat ives 
for an internal  mesh point  can be wr i t ten as 
02C~(J) Ck(J + 1) + Ck(J - 1) - 2Ck(J) 
[44] 
Ox g ( ax) g 
aCk(J) Ck(J + 1) - C~(J - 1) 
ox 2(5x) 
and for a boundary  node 
0Ck(J) --Ck(J + 2) + 4Ck(J + 1) - 3Ck(J) 
[45] 
[46] 
ox 2(AX) 
OCk(J) Ck(J - 2) - 4Ck(J - 1) + 3Ck(J) 
[47] 
Ox 2(hx) 
where  hx denotes the distance between node points and 
Ck(J) represents  the k th unknown at node J. 
The accuracy of the finite di f ference approx imat ions  of 
the above  der ivat ives  is (hx) 2. Equat ion  [46], in the for- 
ward di f ference form, is used at J = 1; and Eq. [47], in the 
backward di f ference form, is used at J = NJ. for the inter- 
nal  boundar ies ,  Eq. [46] is used on the h igher  reg ion  
number  side and Eq. [47] is used on the lower  reg ion 
number  side. For  example ,  Eq. [24] wr i t ten in the f inite 
d i f ference form is 
CI(J - 2) - 4C,(J - 1) + 3CI(J) 
D - C,(J)v2" 
2(hx2) 
-C,( J  + 2) + 4C~(J + i) - 3C,(J) 
= Desep ex3 - CI(J)v3" 
2(Axe) 
[48] 
where  the e lect ro ly te  concent ra t ion  c is wr i t ten as "un-  
known 1". The subscr ipt  on Ax refers to the region num- 
ber. We note that five node points are needed to descr ibe 
the cont inu i ty  of  the flux at an interna l  boundary  to 
ma inta in  (5x) 2 accuracy.  Newman's  BAND( J )  can be 
used for only three node points  (18, 19). Consequent ly ,  
s ince up to five node points  are used at an interna l  
boundary ,  a modi f ied vers ion  of  Newman's  subrout ine ,  
ca l led Pentad iagona l  BAND( J )  (20, 21), was used in- 
stead. As the name implies, this subrout ine al lows up to 
five node points to be used at any posit ion. 
For  the t ime derivative, impl ic i t  stepping was used 
OCk(J) Ck(J) - CKk(J) 
[49] 
ot At 
where  CKk(J) refers to the va lue  at the prev ious  t ime 
step, t - At. Init ial  d istr ibut ions of var iables can be deter- 
mined  by taking a smal l  t ime step (10-4s, e.g.). 
Results and Discussion 
In  this sect ion,  we examine  some s imula ted  resul ts  
and their  impl icat ions.  The parameters  used in the calcu- 
lat ions are g iven in Table I. Parameters  not  re fe renced  
are arb i t rary  but  reasonable  quant i t ies .  The same ex- 
change cur rent  dens i t ies  were ass igned to the pos i t ive  
and negat ive  e lectrodes.  These  va lues  were  chosen  so 
that  the ca lcu lated cel l  vo l tages agree wel l  wi th  mea- 
sured ones. 
Effect of temperature  on d ischarge. - -The s imula ted  
d i scharge  behav ior  at 25 ~ and -18~ under  a constant  
current  densi ty  of 340 mA/cm ~ is presented first. The dis- 
charge cutof f  was chosen to be 1.55V. The temperature  
dependence  of the k inet ic  express ion  is exp l ic i t ly  ex- 
pressed in the exponent ia l  terms.  Impl ic i t ly ,  the ex- 
change current  density in the kinet ic express ion is also a 
s t rong funct ion  of temperature .  As ment ioned  earl ier ,  
the  exchange cur rent  dens i ty  was ad justed  for the two 
temperatures  so that  the ca lculated cell  vo l tages agreed 
relat ively wel l  with exper imenta l  observat ions.  
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Table I. Parameters used in the calculations 
Acid concentration 
Transference number  
Partial molar volume of acid 
Acid diffusion coefficient 
Acid conductivity 
Number  of node points 
Half thickness of plate 
Max imum plate porosity 
Max imum charge 
Max imum specific surface area 
Exchange current density 
0tal 
0tel 
Lead dioxide conductivity 
ex l  
exm 1 
Number  of node points 
Thickness of reservoir 
Number  of node points 
Thickness of separator 
Porosity 
ex3 
Number  of node points 
Half thickness of plate 
Max imum plate porosity 
Max imum charge 
Max imum specific surface area 
Exchange current density 
C/a4 
~e4 
~4 
~4 
Lead conductivity 
ex4 
exm4 
Electrolyte 
4.9 x 1O ~ mol/cm ~ 
(1.280 sp gr) 
0.72 [Ref. (13), p. 78] 
45 cm~/mol [Ref. (11), 
p. 68] 
3.02 • 10 '~ cm=/s at 25~ 
[Ref. (16)] 
0.79 S/cm at 25~ 
[Ref. (11), p. 74] 
Positive electrode 
21 
0.06 or 0.03 cm 
0.53 or 0.65 
5660 or 4615 C/cm a 
100 cm=/cm ~ 
1.0 x 10 -~ A/cm ~ at 25~ 
2.0 x I0 ~ A/cm ~ at - 18~ 
0.5 
0.5 
1.5 
1.0 
80 S/cm 
1.5 
0.5 
Reservoir 
14 
0.055 cm 
Separator 
6 
0.014 cm 
0.73 
3.53 
Negative lectrode 
21 
0.06 or 0.03 cm 
0.53 or 0.65 
5660 or 4615 C/cm ~ 
100 cm=/cm = 
1.0 x 10 -= A/cm = at 25~ 
2.0 x 10 -.~ A/cm = at -18~ 
0.5 
0.5 
1.5 
1.0 
4.8 x 10 4 S/era 
1.5 
0.5 
The  e lec t ro ly te  conduct iv i ty  and  d i f fus ion  coe f f i c ient  
a re  a l so  qu i te  temperature  dependent .  They  were  ca lcu -  
ta ted  us ing  the  fo l low ing  equat ions  
(1801 1801)  
= K~.~ exp  " 298.15 T [50] 
(2174 2174)  
D = D~.~ exp  - 298.15 T [51] 
where  K and  D are  the  conduct iv i ty  and  the  d i f fus ion  
2.2 
2.0 
> 
" .8 
! 1.6- 
(.9 
1.4- 
1.2 
-18  ~ 
TIME ( s ) 
Fig. 2. Discharge cell voltage curves. 340 mA/cm ~ 
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Fig. 3. Profiles of acid concentration during a discharge at 340 
mA/cmh The regions from left to right are: positive electrode, reser- 
voir, separator, and negative electrode. X = 1.0 is for I = 0.19 cm. 
coef f i c ient  o f  1.280 sp  gr  H2SO4 at  the  abso lu te  tempera -  
tu re ,  T; and K2~ and  D~.~ are  the  conduct iv i ty  and  the  d i f fu -  
s ion  coe f f i c ient  at  25~ The  conduct iv i ty  o f  the  Pb  or  
PbO~ matr ix  has  a weak  temperature  dependence  and  is 
assumed constant .  
Ce l l  vo l tage  pro f i l es  dur ing  d i scharge  are  g iven  in  
F ig .  2. The  t ime to the  vo l tage  cuto f f  at  25~ is 106s and  at 
-18~ is 32s. Ac id  concent ra t ion  pro f i l es  (F ig .  3) show 
that  the  end  o f  d i scharge  at 25~ is caused  by  ac id  dep le -  
t ion  in  the  pos i t i ve  e lec t rode .  A t  -18~ ohmic  and  ki -  
net i c  e f fec ts  over r ide  the  e f fec t  o f  ac id  dep le t ion  to cause  
the  ear l ie r  d i scharge  cuto f f .  The  e lec t rode  capac i ty  p ro -  
f i les (F ig .  4) ind icate  that  for  both  cases ,  the  e lec t rodes  
a re  not  very  we l l  u t i l i zed .  
[.=] 
r'.-" 
.< 
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5.0 
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3.0 
2.0 
l.O 
0.0 
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1.0 
Fig. 4. Profiles of electrode capacity during a discharge at 340 
mA/cmh The regions from left to right are: positive electrode, reser- 
voir, separator, and negative electrode. X = 1.0 is for I = 0.19 cm. 
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2.6  
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-18"C 
2.3  
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TIME ( s ) 
Fig. 5. Charge cell voltage curves. 20 mA/cm ~ 
Effect of temperature on charge.--Charge behavior  was 
s imulated  at 25 ~ and -18~ under  a constant  charge cur- 
rent  dens i ty  of 20 mA/cm ~ and a vo l tage cuto f f  of  2.5V. 
The  s imu la t ions  were  based  on a prev ious  d i scharge  at 
-18~ and 340 mA/cm ~ to a cutof f  of  1.55V, and a rest pe- 
r iod of lh  at -18~ 
F igure 5 shows  the cell voltage profi les dur ing  charge 
at the two temperatures .  By charg ing the cell at 25~ we 
can putabout  223% more  charge into the cell. At -18~ 
constant  current  charg ing is ineff ic ient because  of a pen- 
alty of more  than  0.1V at the very beg inn ing  of  the  
charge. 
The concent rat ion  profi les for the two cases are shown 
in Fig. 6. Note  that  the concent ra t ion  of the  e lec t ro ly te  
has not  total ly re laxed at the end of the lh  rest. This is an 
ind icat ion  of  the  s lugg ish  d i f fus ion  of the spec ies  when 
the operat ing temperature  is low. The charge profi les in 
Fig. 7 show the nonun i fo rm d ist r ibut ion of charge across 
the e lectrodes.  
We shou ld  ment ion  that  in pract ice,  the lead-acid bat- 
tery is charged under  a constant  potent ia l  wi th  a current  
l imit.  This  charg ing  cond i t ion  can also be s imu la ted  by 
the  present  mode l  by i terat ing  on the app l ied  charg ing  
current .  
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[] 0 
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Fig. 6. Profiles of acid concentration during o charge at 20 mA/cm ~. 
The regions from left to right are: positive electrode, reservoir, separa- 
tor, and negative electrode. X = 1.0 is for I = 0.19 cm. 
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Fig. 7, Profiles of electrode capacity during a charge at 20 mA/cm 2. 
The regions from left to right are: positive electrode, reservoir, separa- 
tor, and negative electrode. X = 1.0 is for I = 0.19 cm. 
Effect of electrode thickness.--The s imula t ions  re- 
por ted  so far have  been  for 0.12 cm th ick  e lec t rodes .  
Next,  the effects of us ing ei ther  a 0.06 cm th ick posit ive 
or a 0.06 cm thick negat ive will be examined.  As shown 
in Fig. 8, a th in  posi t ive e lectrode has a greater  ef fect  on 
the cell voltage. The d ischarge t ime to 1.55V for: (a) two 
th ick  e lectrodes,  (b) one th ick posit ive and one th in neg- 
ative, and (c) one th in  posit ive and one th ick negat ive are 
32, 22, and 17s, respect ively.  
The same k inet ic  parameters  were  used  for the posi-  
t ive and negat ive lectrodes in the s imulat ions.  The only 
d i f fe rences  between the two e lec t rodes  are the sol id 
phase  conduct iv i ty  and the e lectrode reaction. The solid 
phase  conduct iv i ty  does not  have much inf luence on the 
e lec t rode  behav ior  when an e lec t rode  is thin.  Conse-  
quent ly ,  there  is no observab le  d i f ference between case 
b and case c initially. With t ime, however ,  case c shows a 
s teeper  drop in cell voltage. This is because  the amount  
of  e lec t ro ly te  supp ly  is impor tant  o the  pos i t ive  elec- 
t rode reaction. A th inner  posit ive e lectrode conta ins  less 
acid in its pores.  A th in  pos i t ive  e lec t rode  wil l  po lar ize 
more  qu ick ly  than  a th in  negat ive  lec t rode  due to the  
t65  - 
g 
0 
> 
155 
C) 
(c) (b) (4 
1.50 
0 1~) 2'0 5'0 40 
TIME ( s ) 
Fig. 8. Discharge cell voltage curves for (a) two thick electrodes, (b) 
one thick positive and one thin negative, and (c) one thin positive and 
one thick negative. 340 mA/cm 2 and -18~ 
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Fig. 9. Profiles of electrolyte concentration during a discharge. 340 
mA/cm ~ and -18~ X = 1.0 is for I = 0.16 cm. 
dep le t ion  of the  ac id supp ly .  The  e lec t ro ly te  concent ra -  
t ion prof i les for case b and  case c are shown in Fig. 9. 
Effect of porosity.- -The s imulat ions  have  been based  
so far on  both  e lec t rodes  hav ing  an  in i t ia l  poros i ty  of  
0.53. Next ,  the  effect  of hav ing  a larger  in i t ia l  poros i ty  of 
0.65, one e lect rode at a t ime will be examined.  The  elec- 
t rodes  are 0.12 cm th ick .  The  d ischarge  cel l  vo l tage  
curves  are shown in Fig. 10 for (a) both  e lect rodes  hav ing  
an in i t ia l  poros i ty  of 0.53, (b) a poros i ty  of 0.53 in the posi- 
t ive e lec t rode  and  a poros i ty  of 0.65 in the negat ive  elec- 
t rode,  and  (c) a poros i ty  of 0.65 in the pos i t ive  e lect rode 
and  a poros i ty  of 0.53 in the negat ive  e lectrode.  Increas-  
ing  the  poros i ty  of e i ther  e lec t rode  increases  the  dis- 
charge  t ime. The poros i ty  of the  pos i t ive e lectrode,  how- 
ever, has  a greater  effect on the d i scharge  behavior .  Th is  
is aga in  re lated to the acid avai lab i l i ty  near  the  react ion  
s i tes ins ide  the pos i t ive  e lectrode.  
Conc lus ions  
A mathemat ica l  mode l  of a lead-acid cell  has  been pre- 
sented .  Th is  mode l  p red ic ts  prof i les  of ac id  concent ra -  
t ion,  overpotent ia l ,  porosi ty,  react ion  rate, and  e lect rode 
capac i ty  as funct ions  of  t ime and  temperature .  Cell be- 
hav io r  dur ing  d i scharge ,  rest,  and  charge  can  be s imu-  
lated.  
The  mode l  can be used to eva luate  the  effects of elec- 
t rode  poros i ty ,  e lec t rode  th ickness ,  var ious  separators ,  
acid reservo i r  vo lume,  and  operat ing  temperature  on the  
per fo rmance  of the  cell  (voltage, power,  and  cold crank-  
ing amperage) .  Wi th  reasonab ly  assumed parameters ,  
under  constant  cur rent  charge  or d i scharge  cond i t ions ,  it 
is conc luded that:  
1. D ischarge  at room temperature  to a cell  vo l tage cut- 
of f  of  1.55V is l im i ted  by  the  ac id in the  pos i t ive  elec- 
t rode.  However ,  at a low temperature  such  as -18~ the 
s low k inet ics ,  d i f fus ion ,  and  h igh  ohmic  losses  are 
enough to dr ive the  cell  vo l tage to the cutof f  even  before  
acid dep le t ion  sets in. 
2. Charge  at a low temperature  is inef f ic ient  because  of 
the  same factors  l imi t ing  a low temperature  d ischarge.  A
vo l tage premium of 0.1V is needed in order  to overcome 
the  var ious  losses at the  onset  of a 20 mA/cm 2 charge.  
3. It  is bet ter  to store the e lectro lyte  in the pores  of the  
pos i t ive  e lect rode ins tead  of in an externa l  reservoir .  For  
a d i scharge  at -18~ under  a cur rent  dens i ty  of  340 
mA/cm 2, the  d i scharge  t ime to 1.55V is inc reased  by  l l s  
1.65 
> 1.60 - 
0 
_d 
L~ ~ 1.55- 
(o) (b) (r 
,.~o 1~, 2'o 3'o ;o ~o 
+IME ( ~ ) 
Fig. 10. Discharge cell voltage profiles for (a) both electrodes 0.53 
initial porosity, (b) positive 0.53 and negative 0.65, and (c) positive 
0.65 and negative 0.53. 340 mA/cm 2 and - 18~ 
when a pos i t ive  e lect rode w i th  0.53 in i t ia l  poros i ty  is re- 
p laced  by one wi th  0.65 in i t ia l  porosity.  
4. A negat ive  e lec t rode  w i th  0.65 in i t ia l  poros i ty  in- 
s tead of 0.53 also improves  the  d i scharge  t ime by 7s. This  
improvement  is due  main ly  to a reduct ion  in ohmic  
losses in the e lect rode pores.  
5. A th in  e lec t rode  increases  the  po la r i za t ion  of a cel l  
because  a h igher  cur rent  dens i ty  is real ized due  to the  re- 
duct ion  in the react ion  sur face area. A th in  pos i t ive  elec- 
t rode  is po la r i zed  even  fas ter  because  of  the  reduced 
vo lume of acid in the  e lectrode.  
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L IST  OF SYMBOLS 
amaxl max imum speci f ic  ac t ive  sur face  area in 
reg ion 1, cm2/cm 3
amax4 max imum speci f ic  ac t ive  sur face  area in 
reg ion 4, cm2/cm 3
c concent ra t ion  of the  b inary  e lect ro ly te ,  
mo l /cm 3 
c~ concent ra t ion  of species i, mo l /cm 3 
Cref re ference  concent ra t ion  of the  b inary  
e lectrolyte,  mo l /cm 3 
D d i f fus ion coeff ic ient  of the  b inary  electro-  
lyte, cm2/s 
ex l ,  ex to l  exponents  on poros i ty  in reg ion  1 
ex3 exponent  on poros i ty  in reg ion  3 
ex4, exm4 exponents  on poros i ty  in reg ion  4 
f mean molar  act iv i ty  coeff ic ient  
F Faraday 's  constant ,  96,487 C/mol 
i,,.ref exchange cur rent  dens i ty  at Crer for the  
pos i t ive e lectrode,  A/cm 2 
Zo4.ref exchange cur rent  dens i ty  at  Cref for the  
negat ive  e lectrode,  A /cm 2 
i2 superf ic ia l  cur rent  dens i ty  in the  so lut ion 
based  on pro jected  e lect rode area, A /cm 2 
I to ta l  app l ied  cur rent  dens i ty  based  on  
pro jected e lect rode area, A /cm 2 
j react ion  cur rent  per  un i t  vo lume of elec- 
trode,  A/cm 3 
1 d i s tance  between pos i t ive  and  negat ive  
e lect rode cur rent  col lectors,  cm 
MWi molecu lar  we ight  of spec ies  i (i = PbSO4, 
PbO2, Pb), g/mol  
n number  of  e lect rons  invo lved  in e lect rode 
react ion  
Ni f lux of species i, mol,  mol/cm2-s 
R un iversa l  gas constant ,  8.3143 J /mol -K  
t t ime, s 
t~ t rans ference  number  of H + w i th  respect  o 
the  so lvent  ve loc i ty  
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T absolute temperature, K 
Upb ~ Upbo2 e standard electrode potentials referred to 
the hydrogen electrode 
Upbo2 rest-potential difference between PbO2 
and Pb electrodes 
vi velocity of species i, cm/s 
v = volume-average v locity, cm/s 
vl =, v2 =, v3 =, v4=volume-average velocity in regions 1, 2, 3, 
and 4, cm/s 
Vi partial molar volume of species i, cm3/mol 
x distance from the center of the positive 
electrode, cm 
X the ratio of x to the total cell thickness 
(half electrodes) 
Greek letters 
(lal~ (Xcl 
~1, ~/4 
6 
601, 604 
6sep 
6maxl~ 6max4 
~1, ~4 
K 
Pi 
Er i
Subscripts 
e 
o 
+ 
anodic and cathodic transfer coefficients. 
for the positive lectrode 
anodic and cathodic transfer coefficients 
for the negative lectrode 
exponents for the concentrat ion depen- 
dence of the exchange current density 
porosity 
porosities at zero charge for the positive 
and negative lectrodes 
porosity of the separator 
porosities at fully charged state of the pos- 
itive and negative lectrodes 
exponents for the charge dependence of
the specific active surface area 
electrolyte conductivity, S/cm 
density of species i (i = PbSO4, PbO~, Pb), 
g/cm 3 
conductivity of the electrode solid phase 
(i = Pb, PbO2), S/cm 
potential in the electrode matrix, V 
potential in the solution, V 
electrolyte 
solvent 
cation 
anion 
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Electrochemical Behavior of Some Lead Alloys 
M. N. C. Ijomah 
Department ofMetallurgy and Materials Engineering, Anambra State University of Technology, P. M. B. O1660, 
Enugu, Nigeria 
ABSTRACT 
A series of lead alloy specimens comprising binary Pb-Li, Pb-Sn, Pb-Sb, and quinary Pb-(A1, Mg, Sn, Li) alloys were 
electrochemically tested. The corrosion cell was set up in 30% H2SO4, using a mercury-mercurous s lfate reference lec- 
trode. The passivity subsequently attained by the respective alloys depended primarily upon the presence of a noncon- 
ducting PbSO4 film, the morphology (solubility, porosity, and strength of adhesion) of which depended, to a great extent, 
upon the nature and concentration f the various alloying elements. The influence of tin and antimony were clearly domi- 
nant and they played contrasting roles during actual passivation. Corrosion was associated with the preferential ttack of 
the grain boundary regions ince segregation of alloying elements at the grain boundaries provided the metal with a 
built-in electrochemical cell. Homogeneous or single-phase alloys corroded uniformly and recorded similar behavior to 
pure lead while the richer alloys suffered severe intergranular corrosion and were anomalous. The above findings were 
conveniently supported with both scanning electron microscopy and electron probe microanalysis and implications inthe 
lead-acid battery technology were effectively discussed. 
The electrochemical behavior of lead in sulfuric acid 
had been extensively studied (1-12, 18, 23, 26-31, 40-45). 
When lead is polarized in sulfuric acid solution in the po- 
tential range between hydrogen and oxygen evolution, a
number of electrochemical reactions occur (see Table I), 
two of which represent the charge and discharge reac- 
tions of the lead acid battery, namely 
d 
Pb + SO42- ~ PbSO4 + 2e (E ~ = -0.356V) 
C 
PbO2 + SO42- + 4H + 
d 
+ 2e ~ PbSO4 + 2H20 (E ~ = 1.685V) 
C 
The passivity subsequently attained apparently resulted 
from the presence of a virtually insoluble and noncon- 
ducting lead sulfate film on the electrode surface. It had 
been claimed that intermediate compounds (basic sul- 
fates, lead monoxide, etc.) tended to form underneath 
the lead sulfate film and that oxygen evolution occurred 
after conversion of the lead sulfate to a polymorphic lead 
dioxide film (2, 6-8, 18, 41, 43). The electrochemical be- 
havior of lead in sulfuric acid has obvious implication in 
the lead-acid battery, the performance ofwhich depends, 
to a great extent, upon the type of lead alloy employed as 
a grid. Although the grid metal does not participate di- 
rectly in primary charge and discharge processes, it of- 
ten limits the life and utility of the battery. Corrosion and 
disintegration f the positive grid is the prime reason for 
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